Introduction {#Sec1}
============

It is well known (\[[@CR39], [@CR44]--[@CR46]\]) that many problems from mechanics (elasticity theory, semipermeability, electrostatics, hydraulics, fluid flow), economics and so on can be modeled by subdifferential inclusions or hemivariational inequalities. The latter are generalizations of partial differential equations (PDEs) and variational inequalities \[[@CR26]\] in the sense that besides of physical phenomena leading to classical PDEs one has to take into consideration some nonlinear, nonmonotone and possibly multivalued laws (e.g. stress--strain, reaction--displacement, generalized forces--velocities, etc.) which can be expressed by means of the Clarke subdifferential.

In this paper, which is in a sense a continuation of \[[@CR22], [@CR25]\], we deal with control problems for systems governed by evolution second order inclusions which are equivalent to second order hemivariational inequalities. More precisely, we consider$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\text {minimize}} \ \ \left\{ \mathcal{F}(\mathfrak {u},y) := \mathcal{F}^{(1)}(y) + \mathcal{F}^{(2)}(u) + \mathcal{F}^{(3)}(y_0) + \mathcal{F}^{(4)}(y_1) \right\} \end{aligned}$$\end{document}$$subject to$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \displaystyle y''(t) + (\mathcal{A} y')(t)+(\mathcal{B} y)(t) + \iota ^*\partial J^1(\iota y(t))\\ +\iota ^*\partial J^2(\iota y'(t)) \ni f(t) + (C u)(t)\,\,\,\mathrm{{for\, a.e.}}\,t\in (0,T) \\ \displaystyle y(0) = y_0, \ \ \ y'(0)=y_1, \ \ \ y\in \mathcal{V},\ \ \ y' \in \mathcal{W}_{pq}, \ \ \ u\in \mathcal{U}, \\ \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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Our goal is twofold. First prove a new existence result for the Problem $\documentclass[12pt]{minimal}
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                \begin{document}$$CP$$\end{document}$); i.e., we are interested in the behavior of optimal solutions under perturbations of the system (state relations; e.g. coefficients in inclusion or parameters in superpotential are perturbed,\...) as well as of perturbations of the cost functional (e.g. integrands depending on parameters).

Our approach is based on the sequential $\documentclass[12pt]{minimal}
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The basic properties assuring the convergence of minimal values and minimizers of perturbed control problems to the minimal value and to a minimizer, respectively, of unperturbed problem are: on one hand the Painlevé-Kuratowski convergence (we use the nomenclature Kuratowski convergence in the sequel, for consistency with our previous works) of solution sets, which can be expressed as $\documentclass[12pt]{minimal}
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The sensitivity of control problems was largely considered in the literature in papers on optimal control for systems governed by ordinary differential equations (\[[@CR7]--[@CR9], [@CR27]\]), partial differential equations (\[[@CR15], [@CR31]--[@CR34]\], Chapter 4.2 of \[[@CR24]\]), partial differential equations and differential inclusions (\[[@CR1], [@CR2], [@CR6], [@CR16]\]). We mention that the related control problems for systems described by Clarke subdifferential inclusions and hemivariational inequalities were studied in \[[@CR5], [@CR22], [@CR25], [@CR29], [@CR36], [@CR37]\] the shape optimization problems for Clarke subdifferential inclusions were considered in \[[@CR18]--[@CR21], [@CR28], [@CR43]\] and the corresponding inverse and identification problems were treated in \[[@CR35]\]. More recently, the $\documentclass[12pt]{minimal}
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                \begin{document}$$PG$$\end{document}$-convergence approach was used in homogenization problems for initial and boundary value problems for second order (in time) equations with linear damping and nonlinear elliptic terms (the homogenization was done with respect to coefficients present in the elliptic term) by Svanstedt \[[@CR50]\], whose work was further extended in \[[@CR40]--[@CR42]\].

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"} we present an abstract setting for the multivalued operators and subdifferential inclusions as well as the sensitivity analysis which is based on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$-convergence of cost functionals and present the main result on the sensitivity of optimal solutions. In Sect. [5](#Sec13){ref-type="sec"} we give examples of concrete operators and functionals which satisfy the abstract assumptions of preceding sections.

General Setting and Preliminaries {#Sec2}
=================================

Abstract Scheme {#Sec3}
---------------

In this subsection we recall the abstract scheme based on the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma $$\end{document}$-convergence theory which we use to study the stability of optimal control problems.

We consider a control system governed by a relation $\documentclass[12pt]{minimal}
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The optimal control problem under consideration reads as follows: find $\documentclass[12pt]{minimal}
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In order to establish the conditions (i) and (ii), first we reformulate the problem $\documentclass[12pt]{minimal}
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### **Theorem 1** {#d30e3684}
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### *Remark 2* {#d30e4151}
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### **Theorem 3** {#d30e4319}

(Buttazzo and Dal Maso \[[@CR7]\]) If$$\documentclass[12pt]{minimal}
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### **Theorem 4** {#d30e4604}
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Note that Theorem 4 follows directly from Theorem 3. Moreover, due to Theorem 3, the convergences(i)      $\documentclass[12pt]{minimal}
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### **Proposition 5** {#d30e5102}
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### *Remark 6* {#d30e5541}

The condition ([2](#Equ2){ref-type=""}) of Proposition 5 is equivalent (cf. Propositions 4.3 and 4.4 of \[[@CR16]\]) to the sequential Kuratowski convergence$$\documentclass[12pt]{minimal}
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Clarke Subdifferential {#Sec5}
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Multivalued Operators {#Sec6}
---------------------

We give the basic definitions for multivalued operators and then we quote the main surjectivity result for the operator classes under consideration (see e.g. \[[@CR24], [@CR39], [@CR47]\]). Let $\documentclass[12pt]{minimal}
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### **Proposition 7** {#d30e7096}
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The proof of Proposition 7 can be found in \[[@CR47]\], Theorem 2.1, p. 345.

Control Problem for Second Order Subdifferential Inclusion {#Sec7}
==========================================================

In this section we consider optimal control problem for systems described by evolution of second order subdifferential inclusion. We first recall the notion of parabolic $\documentclass[12pt]{minimal}
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Notation {#Sec8}
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PG-Convergence of Parabolic Operators {#Sec9}
-------------------------------------

Following Svanstedt \[[@CR49]\] we start with the following definition.

### **Definition 8** {#d30e8513}
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### *Remark 12* {#d30e9992}

We use the notion of **parabolic** convergence to deal with the **second order** (in time) problem. This approach is possible due to the fact that the viscosity operator is coercive and hence the nature of the problem is parabolic. It remains an open problem, whether Definition 10 can be modified to include the second time derivative in the auxiliary problem ([5](#Equ5){ref-type=""}). This would require to show the compactness of the underlying class of operators with respect to this new mode of convergence.

Problem Statement {#Sec10}
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### *Proof* {#d30e12576}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y\in \mathcal{Y}$$\end{document}$ be a solution of the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$. Taking the duality brackets with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y'(t)\in V$$\end{document}$ and integrating over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,t)$$\end{document}$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in (0,T)$$\end{document}$, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\displaystyle \int \limits _0^t\langle y''(s),y'(s) \rangle \,ds+\int \limits _0^t\langle A_k(s,y'(s)),y'(s) \rangle \,ds+\int \limits _0^t\langle B_k y(s),y'(s) \rangle \,ds\nonumber \\&\displaystyle +\int \limits _0^t\langle \xi (s),\iota y'(s) \rangle _{{Z}^*\times Z}\,ds+\int \limits _0^t\langle \zeta (s),\iota y'(s) \rangle _{{Z}^*\times Z}\,ds\nonumber \\&\displaystyle =\int \limits _0^t\langle f_k(s),y'(s) \rangle \,ds+\int \limits _0^t\langle (C_ku)(s),y'(s) \rangle \,ds \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi (s)\in \partial J^1_k(\iota y'(s))$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\zeta (s)\in \partial J^2_k(\iota y(s))$$\end{document}$ for a.e. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\in (0,t)$$\end{document}$. From the integration by parts formula (Proposition 23.23(iv), pp. 422--423 of \[[@CR51]\]), we get$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _0^t\langle y''(s),y'(s) \rangle \,ds=\frac{1}{2}|y'(t)|^2-\frac{1}{2}|y_k^1|^2. \end{aligned}$$\end{document}$$From $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(A)$$\end{document}$ and Remark 9 we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{1}{c_2}\int \limits _0^t\Vert y'(s)\Vert _V^p\,ds-t|\Omega |\le \int \limits _0^t\langle A_k(s,y'(s)),y'(s) \rangle \,ds. \end{aligned}$$\end{document}$$Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_k$$\end{document}$ is linear, symmetric and monotone, it follows that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _0^t\langle B_k y(s),y'(s) \rangle \,ds=\frac{1}{2}\int \limits _0^t\frac{d}{ds}\langle B_k y(s),y(s) \rangle \,ds \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} =\frac{1}{2}\langle B_ky(t),y(t) \rangle -\frac{1}{2}\langle B_ky_k^0,y_k^0 \rangle \ge -\frac{1}{2}M\Vert y_k^0\Vert ^2. \end{aligned}$$\end{document}$$From $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(J^1)} \mathrm{(ii)}$$\end{document}$ we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _0^t\langle \xi (s),\iota y'(s) \rangle _{{Z}^*\times Z}\,ds\ge c_4t-c_5\Vert \iota \Vert ^p\int \limits _0^t\Vert y'(s)\Vert ^p\,ds. \end{aligned}$$\end{document}$$In order to estimate the last term of left hand side of ([7](#Equ7){ref-type=""}), we will use the relation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y(s)=y_k^0+\int \limits _0^sy'(\tau )\,d\tau \,\,\,\mathrm{{for \ all}}\,\,\, s\in (0,T) \end{aligned}$$\end{document}$$and the fact that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a,b>0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>1$$\end{document}$ there exists a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{c}:\mathbb {R}_+\rightarrow \mathbb {R}_+$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (a+b)^p\le (1+\varepsilon )a^p+\tilde{c}(\varepsilon )b^p. \end{aligned}$$\end{document}$$From $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(J^2)} \mathrm{(i)}$$\end{document}$ and ([12](#Equ12){ref-type=""}) we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\displaystyle \left| \int \limits _0^t\langle \zeta (s),\iota y'(s) \rangle _{Z}\,ds\right| \le \int \limits _0^t\Vert \zeta (s)\Vert _{Z^*}\Vert \iota y'(s)\Vert _Z\,ds\nonumber \\&\displaystyle \le \int \limits _0^t c_6\left( 1+\Vert \iota y(s)\Vert _Z^{p-1}\right) \Vert \iota y'(s)\Vert _Z\,ds\nonumber \\&\displaystyle \le \int \limits _0^t c_6\left( 1+\left\| \iota y_k^0+\int \limits _0^s\iota y'(\tau )\,d\tau \right\| _Z^{p-1}\right) \Vert \iota y'(s)\Vert _Z\,ds\nonumber \\&\displaystyle \le \int \limits _0^t c_6\left( 1+\left( \Vert \iota y_k^0\Vert _Z+\int \limits _0^s\Vert \iota y'(\tau )\Vert _Z\,d\tau \right) ^{p-1}\right) \Vert \iota y'(s)\Vert _Z\,ds. \end{aligned}$$\end{document}$$Using ([13](#Equ13){ref-type=""}) and the Jensen inequality, we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\displaystyle \left( \Vert \iota y_k^0\Vert _Z+\int \limits _0^s\Vert \iota y'(\tau )\Vert _Z\,d\tau \right) ^{p-1}\!\le \! (1\!+\!\varepsilon )\left( \int \limits _0^s\Vert \iota y'(\tau )\Vert _Z\,d\tau \right) ^{p-1}\!+\!\tilde{c}(\varepsilon )\Vert \iota y_k^0 \Vert _Z^{p-1}\\&\displaystyle \le (1+\varepsilon )t^{p-2}\int \limits _0^t\Vert \iota y'(s)\Vert _Z^{p-1}\,ds+\tilde{c}(\varepsilon )\Vert \iota y_k^0 \Vert _Z^{p-1}. \end{aligned}$$\end{document}$$Combining the last inequality with ([14](#Equ14){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \int \limits _0^t\langle \zeta (s),\iota y'(s) \rangle _{Z}\,ds\right| \le c_6(1+\tilde{c}(\varepsilon )\Vert \iota y_k^0 \Vert _Z^{p-1})\int \limits _0^t\Vert \iota y'(s)\Vert _Z\,ds \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} +c_6(1+\varepsilon )t^{p-2}\int \limits _0^t\Vert \iota y'(s)\Vert _Z^{p-1}\,ds\int \limits _0^t\Vert \iota y'(s)\Vert _Z\,ds. \end{aligned}$$\end{document}$$After simple calculations we obtain,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_6(1+\tilde{c}(\varepsilon )\Vert \iota y_k^0 \Vert _Z^{p-1})\int \limits _0^t\Vert \iota y'(s)\Vert _Z\,ds\le \varepsilon \int \limits _0^t\Vert \iota y'(s)\Vert _Z^p\,ds+\bar{d}(\varepsilon )+\tilde{d}(\varepsilon )\Vert \iota y_k^0\Vert _Z^p, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int \limits _0^t\Vert \iota y'(s)\Vert _Z^{p-1}\,ds\int \limits _0^t\Vert \iota y'(s)\Vert _Z\,ds\le t\int \limits _0^t\Vert \iota y'(s)\Vert _Z^p\,ds, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{d}(\varepsilon ), \tilde{d}(\varepsilon ) > 0$$\end{document}$. From ([15](#Equ15){ref-type=""}) to ([17](#Equ17){ref-type=""}) we obtain for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left| \int \limits _0^t\langle \zeta (s),\iota y'(s) \rangle _{Z}\,ds\right| \le \left( \Vert \iota \Vert ^p c_6t^{p-1}+\varepsilon \right) \int \limits _0^t\Vert y'(s)\Vert ^p\,ds+\hat{c}(\varepsilon )+\tilde{d}(\varepsilon )\Vert \iota y_k^0\Vert _Z^p \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{c}(\varepsilon )>0$$\end{document}$. In order to estimate the right hand side of ([7](#Equ7){ref-type=""}), we use the Young inequality with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$ and obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\int \limits _0^t\langle f_k(s),y'(s) \rangle \,ds+\int \limits _0^t\langle (C_ku)(s),y'(s) \rangle \,ds\nonumber \\&\le \varepsilon \int \limits _0^t\Vert y'(s)\Vert ^p\,ds+c(\varepsilon )\left( \Vert f_k\Vert ^q_{\mathcal {V}^*}+\Vert C_k\Vert ^q_{\mathcal {L}(\mathcal {U},\mathcal {V}^*)}\Vert u\Vert ^q_\mathcal {U}\right) . \end{aligned}$$\end{document}$$Combining ([8](#Equ8){ref-type=""}), ([10](#Equ10){ref-type=""}), ([11](#Equ11){ref-type=""}), ([18](#Equ18){ref-type=""}) and ([19](#Equ19){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{1}{2}|y'(t)|^2+\left( \frac{1}{c_2}-c_5\Vert \iota \Vert ^p-c_6\Vert \iota \Vert ^pt^{p-1}-2\varepsilon \right) \int \limits _0^t\Vert y'(s)\Vert ^p\,ds \\&\quad \le t|\Omega |+\frac{1}{2}M\Vert y_k^0\Vert ^2-c_4t+\hat{c}(\varepsilon )+\bar{d}(\varepsilon )\Vert \iota \Vert ^p\Vert y^0_k\Vert ^p\nonumber \\&\qquad +\frac{1}{2}|y_k^1|^2+c(\varepsilon )\Vert f_k\Vert _\mathcal{V^* }^q+c(\varepsilon )\Vert C_k\Vert ^q_{\mathcal{L}(\mathcal{U}; \mathcal{V}^*) }\Vert u\Vert ^q_\mathcal{U}.\nonumber \end{aligned}$$\end{document}$$Hence due to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(H_1)$$\end{document}$, we can choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon >0$$\end{document}$ such that the coefficient in front of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _0^t\Vert y'(s)\Vert ^p\,ds$$\end{document}$ is positive, getting$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert y'\Vert ^2_{C(0,T;H)}+\Vert y'\Vert ^p_\mathcal{V}\le C(1+\Vert y^0_k\Vert ^p+|y^1_k|^2+\Vert C_k\Vert ^q_{\mathcal{L}(\mathcal{U}; \mathcal{V}^*) }\Vert u\Vert ^q_\mathcal{U}+\Vert f_k\Vert _\mathcal{V^* }^q), \end{aligned}$$\end{document}$$where the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C$$\end{document}$ depends on the problem data and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T$$\end{document}$ but it is independent on the initial conditions and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k$$\end{document}$. From the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} y(t)=y^0_k+\int \limits _0^ty'(s)ds\,\,\,\mathrm{{for \ all}}\,\,\,t\in [0,T] \end{aligned}$$\end{document}$$by a direct calculation we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert y(t)\Vert ^p\le C(\Vert y_k^0\Vert ^p+\Vert y'\Vert ^p_\mathcal{V})\,\,\,\mathrm{{for \ all}}\,\,\, t\in [0,T] , \end{aligned}$$\end{document}$$with the constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$. Thus, using ([21](#Equ21){ref-type=""}), we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert y\Vert _{C(0,T;V)}^p\le C(1+|y^1_k|^2+\Vert C_k\Vert ^q_{\mathcal{L}(\mathcal{U}; \mathcal{V}^*) }\Vert u\Vert ^q_\mathcal{U}+\Vert y^0_k\Vert ^p+\Vert f_k\Vert _\mathcal{V^* }^q), \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$. Moreover, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y$$\end{document}$ solves $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$, from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(A)$$\end{document}$, Remark 9, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(B)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(J^1)\mathrm{(i)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(J^2)\mathrm{(i)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H(C)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(H_0)$$\end{document}$ we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Vert y''\Vert ^q_\mathcal{V^*}\le C(1+\Vert y\Vert ^p_{C(0,T,V)}+\Vert y'\Vert ^p_\mathcal{V}+\Vert C_k\Vert ^q_{\mathcal{L}(\mathcal{U}; \mathcal{V}^*) }\Vert u\Vert ^q_\mathcal{U}+\Vert f_k\Vert _\mathcal{V^* }^q). \end{aligned}$$\end{document}$$The assertion follows from ([21](#Equ21){ref-type=""}) to ([23](#Equ23){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We introduce the family of mappings $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {K}}_k:{\mathcal {V}}\rightarrow C(0,T;V)$$\end{document}$ by means of the formula$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} ({\mathcal {K}}_k y)(t)=y_k^0+\int \limits _0^t y(s) ds\,\,\,\text {for}\,\,\,y\in \mathcal{V}\,\,\,\text {and}\,\,\,t\in [0,T]. \end{aligned}$$\end{document}$$Using this definition, the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$ can be equivalently rewritten as follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} z'(t) + (\mathcal{A}_k z)(t) + (\mathcal{B}_k {\mathcal {K}}_k z)(t) + \iota ^* \partial J^1_k (\iota z(t)) \\ + \iota ^* \partial J^2_k (\iota (\mathcal {K}_k z) (t)) \ni f_k(t) + (C_k u)(t) \ \ \text {a.e.}\, t\in (0,T)\\ z(0)=y_k^1,\ \ z\in \mathcal{W}_{pq}, \end{array}\right. }\quad \quad (P)_k \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k \in {\bar{\mathbb {N}}}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{A}_k :\mathcal{V} \rightarrow \mathcal{V^*}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal{B}_k :\mathcal{V} \rightarrow \mathcal{V^*}$$\end{document}$ are the Nemitsky operators corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_k$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_k$$\end{document}$, respectively, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal{A}_k v)(t)=A_k(t,v(t))$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal{B}_k v)(t)=B_k(v(t))$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v\in \mathcal {V}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in [0,T]$$\end{document}$.

Now we formulate the existence theorem for the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \mathbb {N}$$\end{document}$. Its proof is analogous to the existence proof of \[[@CR38]\], and therefore it will be sketched only briefly here.

### **Theorem 14** {#d30e18021}

If the assumptions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(A)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(B)}\mathrm{(i)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(J^1)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(J^2)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${(H_0)}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${H(C)}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${(H_1)}$$\end{document}$ hold, then the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \bar{\mathbb {N}}$$\end{document}$ admits a solution.

### *Proof* {#d30e18201}

Let us fix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \bar{\mathbb {N}}$$\end{document}$. We will proceed in two steps.

**Step 1.** First we assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_k^1\in V$$\end{document}$ and introduce the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}_k^1, {\mathcal {B}}_k^1: {\mathcal {V}}\rightarrow \mathcal {V^*}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}_k, \mathcal {M}_k:{\mathcal {V}}\rightarrow 2^{{\mathcal {V^*}}}$$\end{document}$ given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {A}}_k^1v={\mathcal {A}}_k(v+y^1_k)\,\,\,\text {for}\,\,\,v\in {\mathcal {V}}, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {B}}_k^1v={\mathcal {B}}({\mathcal {K}}_k(v+y_k^1))\,\,\,\text {for}\,\,\,v\in {\mathcal {V}}, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {N}}_k v=\{w\in {\mathcal {V}}^*:\,\,w(t)\in \iota ^* \partial J^1_k (\iota (v(t)+y^1_k))\,\,\text {a.e.}\, t\in (0,T)\}\,\,\,\text {for}\,\,\,v\in \mathcal{V}, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {M}}_k v=\{w\in {\mathcal {V}}^*:\,\,w(t)\in \iota ^* \partial J^2_k (\iota {\mathcal {K}}_k(v+y^1_k)(t))\,\,\text {a.e.}\, t\in (0,T)\}\,\,\,\text {for}\,\,\,v\in \mathcal{V}.\nonumber \\ \end{aligned}$$\end{document}$$We also consider the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L: D(L)\subset {\mathcal {V}}\rightarrow {\mathcal {V}}^*$$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Lv=v'$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D(L)=\{v\in {\mathcal {W}}:v(0)=0\}$$\end{document}$ and observe that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z\in {\mathcal {W}}_{pq}$$\end{document}$ solves the problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(P)_k$$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z-y_k^1\in D(L)$$\end{document}$ solves the following one:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Lz+{\mathcal {T}}_kz\ni f_k+Cu_k, \end{aligned}$$\end{document}$$where the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}_k:{\mathcal {V}}\rightarrow 2^{{\mathcal {V}}^*}$$\end{document}$ is given by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {T}}_kz={\mathcal {A}}^1_kz+{\mathcal {B}}^1_kz+{\mathcal {N}}_k z+{\mathcal {M}}_k z\,\,\,\text {for}\,\,\,z\in \mathcal{V}. \end{aligned}$$\end{document}$$Recall (see e.g. \[[@CR51]\], Proposition 32.10, p. 855) that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L$$\end{document}$ is linear, densely defined and maximal monotone operator. Moreover, we will prove that for each $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in \mathbb {N}$$\end{document}$, the operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {T}}_k$$\end{document}$ is bounded, coercive and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L$$\end{document}$-generalized pseudomonotone. The solvability of the Problem ([28](#Equ28){ref-type=""}) follows then from Proposition 7. We will state the following four lemmas on the properties of the operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {A}}^1_k, {\mathcal {B}}^1_k, {\mathcal {N}}_k$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {M}}_k$$\end{document}$. The proofs of these lemmas are analogous to the proofs of the lemmas $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$7$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$8$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$9$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$12$$\end{document}$ of \[[@CR38]\] (see also Remark 11). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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We continue the proof of Theorem 14.
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The proof of Theorem 19 is based on a standard technique and follows from a simple direct calculation and application of the Gronwall lemma.

Sensitivity of Solution Sets for $\documentclass[12pt]{minimal}
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In this section we provide the result of the sensitivity of the solution set of the second order subdifferential inclusion.
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Before we give the proof of the Theorem 20, we prove a lemma, which to the best of our knowledge is a new result.
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In this section we state conditions which guarantee the suitable $\documentclass[12pt]{minimal}
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Now, the main result on the sensitivity of optimal control problems follows from Proposition 5, Theorem 20, Proposition 22 and the direct method for the existence part.
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